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ON COEFFICIENT FUNCTIONALS ASSOCIATED WITH THE
ZALCMAN CONJECTURE
SARITA AGRAWAL AND SWADESH KUMAR SAHOO
Abstract. We consider certain subfamilies, of the family of univalent functions in the
open unit disk, defined by means of sufficient coefficient conditions for univalency. This
article is devoted to studying the problem of the well-known conjecture of Zalcman
consisting of a generalized coefficient functional, the so-called generalized Zalcman con-
jecture problem, for functions belonging to those subfamilies. We estimate the bounds
associated with the generalized coefficient functional and show that the estimates are
sharp.
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1. Introduction
Denote by A, the class of all analytic functions f in D := {z ∈ C : |z| < 1} of the form
f(z) = z +
∞∑
n=2
anz
n.
Denote by S, the class of univalent functions in A. Then |a22 − a3| ≤ 1 holds for f ∈ S,
see [20, Theorem 1.5]. At the end of 1960’s, Zalcman made a conjecture that each f ∈ S
satisfies the inequality
(1.1) |a2n − a2n−1| ≤ (n− 1)
2, n ≥ 2
with equality for the Koebe function k(z) = z/(1 − z)2. One of the main aims of the
Zalcman conjecture was to prove the Bieberbach conjecture: |an| ≤ n, for n ≥ 2, when
f ∈ S, using the famous Hayman Regularity Theorem (see [6, Theorem 5.6, pp. 163]).
The Bieberbach conjecture was a challenging open problem for function theorists for
several decades and was finally settled by de Branges [3] in 1984.
The problem (1.1) has been studied for several well-known subclasses of the class S.
For example, in [5], Brown and Tsao proved that (1.1) holds for the class T of typically
real functions and the class S∗ of starlike functions. In [17], Ma proved the Zalcman
conjecture for the class K of close-to-convex functions when n ≥ 4. Readers can refer to,
for instance, [1, 12, 13, 14] and references therein for more information on this topic. A
generalized version of Zalcman’s inequality, in terms of the so-called generalized coefficient
functional λa2n − a2n−1, λ > 0, has been considered in [1, 5, 7, 14].
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In [18], Ma proposed a generalized version of the Zalcman conjecture as follows: for
f ∈ S,
|anam − an+m−1| ≤ (n− 1)(m− 1) (n,m = 2, 3, . . .)
and proved that this holds for starlike functions and univalent functions with real co-
efficients. In this paper, we establish sharp estimates of the Zalcman conjecture in the
form proposed by Ma in [18] for some subclasses of S. Consequently, we obtain sharp
estimates of the results proved in [7] for remaining ranges of λ.
2. Preliminaries and Main results
We use the concept of convex hull of a set in this paper, but mainly for the set C of
convex functions. Denote by co(C), the convex hull of C and its closure is denoted by
co(C) in the topology of uniform convergence on compact subsets of D.
A function f ∈ A is said to be starlike of order β (0 ≤ β < 1) if Re {zf ′(z)/f(z)} > β
and denote the class of starlike functions of order β by S∗(β). Similarly, a function f ∈ A
is said to be convex of order β (0 ≤ β < 1) if Re {1 + zf ′′(z)/f ′(z)} > β and denote the
class of convex functions of order β by C(β). Clearly, functions in the classes S∗(β) and
C(β) are univalent in D. Moreover S∗(0) = S∗ and C(0) = C.
A function f is said to be uniformly starlike in D if f is starlike and has the property
that for every circular arc γ contained in D, with center ζ ∈ D, the arc f(γ) is starlike
with respect to f(ζ). We denote by UST , the class of all uniformly starlike functions.
Similarly, we say a convex function f in D is uniformly convex if for each circular arc γ in D
with center η in D, the image arc f(γ) is convex. Denote the class of all uniformly convex
functions by UCV, see [8, 9]. We call a function f ∈ A is ν-spiral-like of order β, 0 ≤ β < 1,
if there is a real number ν (−pi/2 < ν < pi/2) such that Re [eiν{zf ′(z)/f(z)}] > β cos ν
for z ∈ D. We denote by Sνp (β), the class of ν-spiral-like functions of order β, see [11].
More literature on spiral-like functions can be found in [2, 15, 19].
Recently, in [7], Efraimidis and Vukotic´ have studied the generalized Zalcman coefficient
functional for the subclasses, co(C), R and H of S, where the classes R and H are
respectively known as the Noshiro-Warschawski class and the Hurwitz class, defined by
R = {f ∈ A : Re f ′(z) > 0}
and
H =
{
f ∈ A : f(z) = z +
∞∑
n=2
anz
n and
∞∑
n=2
n|an| ≤ 1
}
.
A well-known fact is that
H ⊂ R ∩ S∗ ⊆ S,
where the inclusion relation H ⊂ R is explained in [7]. Now we recall
Theorem A. [7, Theorem 3] Let 0 < λ ≤ 2. If f ∈ co(C), then |λa2n − a2n−1| ≤ 1 for all
n ≥ 2. For any fixed n and λ < 2, equality holds only for the functions of the following
form (and for their rotations):
(2.1) f(z) =
2n−2∑
k=1
mk
z
1− eiθkz
,
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where 0 ≤ mk ≤ 1, θk =
(2k+1)pi
2n−2
, and
n−1∑
k=1
m2k =
n−1∑
k=1
m2k−1 =
1
2
.
Theorem B. [7, Theorem 4] If 0 < λ ≤ 4/3 and f ∈ R, then for all n ≥ 2 we have
|λa2n − a2n−1| ≤
2
2n− 1
.
For λ < 4/3 and for any fixed n ≥ 2, equality holds only for the functions of the following
form (and for their rotations):
F (z) = −z + 2
∫ z
0
f(t)
t
dt
where f(z) is given by (2.1).
Theorem C. [7, Theorem 6] If λ > 0 and f ∈ H, then for each n ≥ 2 we have
|λa2n − a2n−1| ≤ max
{
λ
n2
,
1
2n− 1
}
.
Equality holds if and only if
f(z) =


z +
α
2n− 1
z2n−1 for λ ≤
n2
2n− 1
,
z +
α
n
zn for λ ≥
n2
2n− 1
,
where α is a complex number such that |α| = 1.
We intend to extend Theorems A and B in terms of the generalized Zalcman conjecture,
in the form suggested by Ma in [18], for the classes co(C) andR(β) := {f ∈ A : Re f ′(z) >
β} respectively, where β ∈ [0, 1). Note that R = R(0).
Theorem 2.1. If f ∈ co(C), then
|λanam − an+m−1| ≤ λ− 1,
where n,m = 2, 3, . . . and λ ∈ [2,∞). Equality holds for the function l(z) = z/(1− z) and
its rotations.
Theorem 2.2. If f ∈ R(β), then
|λanam − an+m−1| ≤
4λ(1− β)2
nm
−
2(1− β)
n +m− 1
,
where n,m = 2, 3, . . . and λ ∈
[
nm
(1−β)(n+m−1)
,∞
)
. Equality holds for the function m(z) =
−2(1− β) ln (1− z)− z(1− 2β) and its rotations.
4 S. Agrawal and S. K. Sahoo
2.1. The class H. Define the class
H =
{
f ∈ A : f(z) = z +
∞∑
n=2
anz
n and
∞∑
n=2
r(n)|an| ≤ 1, r(n) > 0 for n ≥ 2
}
.
Here is a partial list of restrictions on r(n) such that H is a subclass of S. For example,
• If r(n) = (n − β)/(1− β), then H ⊂ S∗(β) ⊂ S [21]. In particular, for β = 0 we
have H = H , the Hurwitz class.
• If r(n) = n(n− β)/(1− β), then H ⊂ C(β) ⊂ S [21].
• If r(n) = 3n− 2, then H ⊂ UST ⊂ S [10].
• If r(n) = n(2n− 1), then H ⊂ UCV ⊂ S [10].
• If r(n) = n/(1− β), then H ⊂ R(β) ⊂ S.
• If r(n) = 1 + [(n− 1)/(1− β)] sec ν, then H ⊂ Sνp (β) ⊂ S [11].
In all these classes β ∈ [0, 1). We now state our main result for the class H.
Theorem 2.3. Let λ > 0 and n = 2, 3, . . .. For f ∈ H, we have
|λa2n − a2n−1| ≤ max
{
λ
r(n)2
,
1
r(2n− 1)
}
.
Equality holds if and only if
f(z) =


z +
α
r(2n− 1)
z2n−1 for λ ≤
r(n)2
r(2n− 1)
,
z +
α
r(n)
zn for λ ≥
r(n)2
r(2n− 1)
,
where α is a complex number such that |α| = 1.
We remark that for the choice r(n) = n, Theorem 2.3 turns into Theorem C. Indeed,
our proof is much simpler than the proof of [7, Theorem 6].
3. Proof of the main results
This section is devoted to the proof of our main results. The following lemmas are
useful.
Lemma A. [16, Lemma 1] Let µ(θ) be a probability measure on [0, 2pi]. Then
|bn−1bm−1 − bn+m−2| ≤ 2 (n,m = 2, 3, . . .),
where bn = 2
∫ 2pi
0
einθdµ(θ).
Lemma 3.1. Let λ ∈ C, µ(θ) be a probability measure on [0, 2pi], and for some function
s(n) > 0, write an = s(n)
∫ 2pi
0
ei(n−1)θdµ(θ) = s(n)bn−1/2 where bn is same as in Lemma A.
Then
|λanam − an+m−1| ≤
∣∣∣∣λ− 2s(n+m− 1)s(n)s(m)
∣∣∣∣ s(n)s(m) + s(n +m− 1),
for n,m = 2, 3, . . ..
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Proof. Putting the values of an, am, an+m−1 and by using Lemma A we get
|λanam − an+m−1|
=
∣∣∣∣
(
λ−
2s(n+m− 1)
s(n)s(m)
)
s(n)
bn−1
2
s(m)
bm−1
2
−
s(n+m− 1)
2
(bn−1bm−1 − bn+m−2)
∣∣∣∣
≤
∣∣∣∣λ− 2s(n +m− 1)s(n)s(m)
∣∣∣∣ s(n)s(m) + s(n +m− 1).
The proof of our lemma is complete. 
Remark 3.2. Lemma 3.1 helps us to estimate the generalized Zalcman coefficient func-
tional λanam − an+m−1 for several classes of functions in S, where the coefficients an
are of the form s(n)
∫ 2pi
0
ei(n−1)θdµ(θ) and these lead to extremal functions whose series
representations are of the form z +
∑
∞
n=2 s(n)z
n, for instance, see [18] and the present
paper.
Proof of Theorem 2.1. By a well-known result from [4], there is a unique probability
measure µ on [0, 2pi], such that
f(z) =
∫ 2pi
0
z
1− eiθz
dµ(θ)
for all f in co(C). Comparing the n-th coefficients of the series expansion of f and of the
geometric series expansion of the right hand side, it can easily be seen that
an =
∫ 2pi
0
ei(n−1)θdµ(θ), n ≥ 2.
From Lemma 3.1, we can see that s(n) = 1 and hence we get
|λanam − an+m−1| ≤ |λ− 2|+ 1 = λ− 1.
The sharpness can easily be verified using the function l(z) stated in the statement. 
Putting m = n in Theorem 2.1, we get
Corollary 3.3. If f ∈ co(C), then
|λa2n − a2n−1| ≤ λ− 1,
where n = 2, 3, . . . and λ ∈ [2,∞). Equality holds for the function l(z) = z/(1 − z) and
its rotations.
Remark 3.4. We can also prove Corollary 3.3 by using the same technique as in [7].
Indeed, from the proof of [7, Theorem 3] we have
|λa2n − a2n−1| ≤ (λ− 2)
∫ 2pi
0
cos2((n− 1)θ)dµ(θ) + 1 ≤ λ− 1,
where the second inequality follows from the fact that cos θ ≤ 1 for 0 ≤ θ ≤ 2pi.
Proof of Theorem 2.2. By the Herglotz representation theorem for functions with pos-
itive real part [6, 1.9], there is a unique probability measure µ on [0, 2pi] such that
f ′(z)− β
1− β
=
∫ 2pi
0
1 + eiθz
1− eiθz
dµ(θ)
6 S. Agrawal and S. K. Sahoo
or, equivalently,
1 +
∞∑
n=2
nanz
n−1 = 1 + (1− β)
∞∑
n=2
2
∫ 2pi
0
einθdµ(θ)zn.
Comparing the coefficients, we obtain
an =
2(1− β)
n
∫ 2pi
0
ei(n−1)θdµ(θ), n ≥ 2.
From Lemma 3.1, we can see that s(n) = 2(1− β)/n and hence we get
|λanam − an+m−1| ≤
∣∣∣∣λ− nm(1− β)(n+m− 1)
∣∣∣∣ 4(1− β)2nm + 2(1− β)n +m− 1
=
4λ(1− β)2
nm
−
2(1− β)
n+m− 1
.
The sharpness can easily be verified using the given functionm(z) stated in the hypothesis
of the theorem. 
In particular when m = n, Theorem 2.2 leads to
Corollary 3.5. If f ∈ R(β) and λ ∈
[
n2
(2n−1)(1−β)
,∞
)
, then
|λa2n − a2n−1| ≤
4λ(1− β)2
n2
−
2(1− β)
2n− 1
,
where n = 2, 3, . . .. Equality holds for the function m(z) = −2(1−β) ln (1− z)−z(1−2β)
and its rotations.
Remark 3.6. Alternative proof of Corollary 3.5 can be done by the same technique as in
[7]. Indeed, from the proof of [7, Theorem 4] we have
|λa2n − a2n−1| ≤
(
4λ(1− β)2
n2
−
4(1− β)
2n− 1
)∫ 2pi
0
cos2((n− 1)θ)dµ(θ) +
2(1− β)
2n− 1
≤
4λ(1− β)2
n2
−
2(1− β)
2n− 1
,
where the second inequality follows from the fact that cos θ ≤ 1 for 0 ≤ θ ≤ 2pi.
Remark 3.7. From Remark 3.6, it is clear that for f ∈ R(β) and for 0 < λ ≤ 4/3(1−β),
|λa2n − a2n−1| ≤
2(1− β)
2n− 1
.
Equality holds for the function m(z) and its rotations.
To prove the generalized Zalcman problem for H, we need the following lemma which
is in a similar form of [7, Lemma 5].
Lemma 3.8. Let λ > 0, n ≥ 2, q(n), q(2n− 1) > 0, and consider the triangular region
P = {(u, v) ∈ R2 : u, v ≥ 0, q(n)u+ q(2n− 1)v ≤ 1}
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in the uv-plane. Then
max
(u,v)∈P
(λu2 + v) = max
{
λ
q(n)2
,
1
q(2n− 1)
}
,
and the maximum attain only at (u, v) = (0, 1/q(2n− 1)) and (u, v) = (1/q(n), 0).
Proof. The function F (u, v) = λu2 + v is readily seen to have no critical points, so its
maximum on the compact set P is achieved on the boundary ∂P . Clearly, F (0, v) ≤ 1
q(2n−1)
while F (u, 0) ≤ λ
q(n)2
.
Finally, on the third piece of the boundary of P we have q(n)u+ q(2n−1)v = 1. Hence
the function F on that piece can be seen as a function of one variable leading to
F (u, v) = g(u) = λu2 +
1− q(n)u
q(2n− 1)
.
Since g′′(u) = 2λ > 0, the above function cannot achieve its maximum within the interval[
0, 1
q(n)
]
. Hence, the maximum value can only be achieved at one of the end points of this
interval and since
g(0) =
1
q(2n− 1)
, g
(
1
q(n)
)
=
λ
q(n)2
,
the assertion follows. 
Remark 3.9. Lemma 3.8 can also be proved using graphical solution method from Linear
Programming Problem. Since the conditions u, v ≥ 0, and q(n)u + q(2n − 1)v ≤ 1 give
a convex triangular region with the vertices (0, 0), (0, 1/q(2n− 1)) and (1/q(n), 0), by the
graphical solution method, maximum value can only be achieved at one of these vertices.
Proof of Theorem 2.3. By the definition of the class H, the ordered pair (|an|, |a2n−1|)
belongs to P , where P is defined in Lemma 3.8. Hence by using Lemma 3.8, we have
|λa2n − a2n−1| ≤ λ|an|
2 + |a2n−1| ≤ max
{
λ
r(n)2
,
1
r(2n− 1)
}
.
It can easily be seen that one way implication is true for the equality. For the converse
part, we must have r(n)|an| + r(2n − 1)|a2n−1| = 1. Together with the definition of H,
it follows that the rotated function must be of the form fc(z) = z + Anz
n + A2n−1z
2n−1,
where, fc(z) = cf(cz), |c| = 1, a rotation of a function f in S, An = c
n−1an, and similarly
A2n−1 = c
2n−2a2n−1. Further inspection of the case of equality in Lemma 3.8 and the
values of λ readily yields that one of the coefficients An, A2n−1 must be zero and the
more precise form of these functions follows immediately. This completes the proof of the
theorem. 
Concluding remarks. The generalized Zalcman conjecture in the form proposed by Ma
in [18] is still open for the classes co(C) and R(β) for 0 < λ < 2 and 0 < λ < nm
(1−β)(n+m−1)
respectively. It would also be interesting to investigate this problem for the class H.
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